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ON THE FLEXURE OF A STRIP WITH A TRANSVERSE SERIES OF CIRCULAR HOLES
OR ABSOLUTELY RIGID INCLUSIONS”

M. L. BURYSHKIN

The flexure of an isotropic strip with a periodic transverse series of circular holes
of rigid inclusions is considered. The state of stress is described by the func-
tions ¢(2) and v (z) which are analytic in the domain Q¢ occupied by the strip,
and comprised of main (0, (0 corresponding to the solid strip, and perturbed
(o™, ¢'))  functions /1—3/. The required functions ¢V (2 and " (s should satisfy
special conditions on the hole of inclusion outlines and on the straight line edges.

A similar problem for a single hole or inclusion was studied in /2,4/, where it was con-
sidered that the influence of the edge on the perturbed state could be neglected. Certain
boundary conditions on the rectilinear edges can be satisfied strictly by going over to a
computation of an infinite plate § of periodic structure whose load is converted by a one-
dimensional representation of the group C;(Cyl, Dyl

Direct extension of the method mentioned to the analysis of a strip with a regular trans-
verse series of holes or inclusions is quite awkward since it is associated with the investigation
of boundary conditions on a large number of outlines. However, a given load can always be
decomposed into components for which significant simplifications of the solution hold and

then the superposition principle can be used. Such components are the loads ¢, (1=1,2) which
are converted by the two-dimensional representations 1, of the symmetry group ¢y of the
plate S.

In connection with this investigation scheme /5/, formulas are obtained for practical
application in this paper, of the decomposition of the fundamental state of stress, and an
algorithm is constructed for the solution of the generalized periodic flexure problem, i.e.,
an analysis of a plate § with a symmetry group (¢, for the loads (,,(n=1,2., The appropri-
ate functions ¢{i(» and Wi (z) are expressed in terms of the functions @P(z) and ¥ (z)(p~—
1,2) which are analytic on the exterior of the main outline and are determined from a system
of its boundary conditions corresponding to each of the loads (Qasn(m ~:1,2). The numerical solution
of the generalized periodic flexure problem is based on its reduction to an infinite systemof alge -
braic equations. The state of stress of a simply supported strip is investigated during its
cylindrical flexure by moments and transverse forces by using the method proposed.

1. Generalized Periodic Flexure Problem. Let us present certain information
referring to the formulation and solution of the generalized periodic problem of the flexure
of an infinite plate § with a regular series of circular holes or circular rigid inclusions
(Fig.1l).

Irreducible representations of the group (. /6/. The translations I,(r=0,

+ 1, +2,...), shifts by a vector 2r/ along the z axis, where 2/ is the basis vector, and
reflections O, (r=: 0, =1, +£2,...) on the planes [l are elements of this group, i.e.,
symmetry elements of the plate §. They can be multiplied as arbitrary motions. In part-
icular
TrTm - Tr+ma Tr®m = ®'m+r‘7 ®rnT:' = enn—rv 9r@m = Tr—m’ (". m =0, & 1, i2, P )
For fixed @ the set of matrices
cosra sinral (1.1)
Toc(Tr): o ’
——S8INra cosra
9 cosra. — sin ra]
T, J,} = —
a(6) —sinra ~cosra| (r=0,%1,..)

is a representation 1, of the group (, since it satisfies the condition Ta (81)7a (82) = Ta (8182)
(Vgi, g2= Cs). The dimensionality of the representation T¢ , i.e., the order of the square
matrices forming it, is two. For 0« « <{=n all the representations 1T are distinct (non-
equivalent). For (< a<C m the representations T, are irreducible and denoted by Tg. In
cases when o= 0, the matrices 74 (¢) are diagonal. Their upper and lower diagonal ele-
ments form the one-dimensional irreducible representations 1, and Tgy, respectively. If
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On the flexure of a strip with holes or inclusions 343

the number of distinct irreducible representations Tgy corresponding to the subscript a is
denoted by I, and their dimensionality by mq, then for o =0, n and 0< a <an the equal-
ities Il =2, mg =1, and Ilu =1, my =2 hold, respectively. Henceforth, Tep (8) (p, p =1, 2,

..y Mg} and  Taen (8) (p, p =1, 2) are understood to be the ppu- th elements of the matrices tq. (g)
and T, (8)-

4 T T~
%715;”7 @75? 7y I 7,
d I
4
el VallallallNat/aulay
o Luu;u”u‘u =
/J_'/[/_LL___
Fig.l

Functions converting into irreducible representations. The domain  occupied
by the plate S is divided into elementary cells by reflection planes €, . The main cell &8¢,
bounded on the left by the Yy axis, occupies the domain Q.

Let us examine the m, functions fo, (p=1,2,...,m,) 9iven on Q and possessing the
following properties:

fawe (g2) = }‘Jltav.up(g)favp(z)y Vgl Vze=Q (1.2)
p—

It is said about the function f{,, that it is converted by the irreducible representa-
tion 1, as the w-th basis function. The load functions or the components of the state of
stress-strain, whose values depend on the selection of the coordinate axes, should hence be
written first in an invariant reference system requiring the introduction of local coordinat-
es for each elementary cell. If the z and y axes are used as such in the subdomain Qe,
then the shifted axes gr and gy are such in the subdomain Q¢ = gQr. About the state of
stress-strain whose components are converted as the W -th basis functions by the representa-
tion Tev in the invariant reference system, that it is also converted by this representation.

It is useful to simplify and wmify the general symbolism for the group C;. Let us note
that for any «, one of the subscripts v or p is fixed (equal to one), while the other takes
on the value 1 or 2, and we omit the fixed subscript. Thus, a function being converted by
the representation <, as the p-th basis is denoted by fau, where p=v(a=0,n) or

p=p O< a<n) For a=0,=n the functions fu (p = 1, 2) are not interrelated, where-
upon by studying one of them it can be provisionally assumed that the other is identically
zero. We then have in place of (1.2)

2

3 \ . e P 1.3
for €)= 3 T (@) fao (), VESCr V2SR (p=1,2) (1.3

p=

The problem of flexure of the plate § under the load [, which is being converted by
the irreducible representation 1, of the group Cs. is called a generalized periodic prob-
lem. The ordinary periodic problem is a particular case since the periodic load is a function

fo (or fq) which is being converted by the one-dimensional irreducible representation Ty
(Toa)-
Complex Kolosov—Muskhelishvili functions. The internal force factors in the
plate § are determined by using two complex functions ¢ (z) and 1, (z) which are analytic in
the domain Q /2,3/:

Mot My = —4(1+ v) Re ¢’ (5), My — Met 2iMa = 2 (1 — W)zg" () + ¥, )], Ve — iNy, = —4¢" (3) (1.9)

where v is the Poisson's ratio. The Sherman function 4§ (z) = {, (2) + z¢’ (z) 1is latter used
in place of.the function g (z).

The class of functions ¢ (z) and Y (z) is successfully narrowed considerably in the ordinary
periodic problem by using the periodicity of the state of stress. Analogous simplifications
hold in the generalized periodic problem. The fact is that a state of stress-strain of the
plate S is transformed in exactly the same way by an irreducible representation 1T of the
group C, (*) corresponding to a load Qg . Let @ou (2) and  Ygu (z) denote complex functions
describing the state mentioned. Any function of this class, which is characterized by the

*) This property is investigated in the paper: Buryshkin, M. L., On application of the theory
of discrete group representations in problems of equilibrium and small oscillations of linear
elastic systems, VINITI, No. 208-75, (1975).
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fact that the internal force factors possess the property (1.3), can be written as follows
/5/+

Py (2) . 53 7 ,
)= Hmo Y D) x| Tapu (7))

— T (O})
"ltalt (: Noxr=—Np=—| om !

D (= 1 20l O®) (— z + 271) (1.5)
W (2 2rl) POy (—z 4 2r])

where @ (z) and W@ (z) (p = 1,2) are certain functions which are analytic on the exterior
of the main hole with contour [f. According to (1.4) and (1.5), these functions are again
the desired functions in the generalized periodic problem.

Sufficient contour conditions /5/. 1In general, the functions @u (z) and You (2)
should satisfy the boundary conditions on any of the contours of the infinite series. However,
writing the form (1.5) permits one to be limited to satisfying a system of boundary conditions
for each of the loads (., (n = 1,2) on the main contour

Ko (1) -- K\t — E)W(T) + Yo ()] = fan® (&) + icant, (m=-1,2) (1.6)
where ! is a point of the contour L. A, and K, are constants dependent on the kind of prob-
lem, /,,() is a function related to the load @y (1) of the contour L, and c¢en is a real
constant determined from the condition that the deflection function be single-valued for a
complete traversal around this contour. By virtue of the properties (1.3), the boundary con-
ditions on the remaining contours are automatically satisfied.
By separating the state of stress of the plate into the main (g™, ¢«®») and perturbed
(¢, p»)  functions, and referring the multivalued components of the complex functions to

¢ (z) and P (z), we obtain in place of (1.6)
K pan® (8) -+ K5 1t = D) pan®® (8) 4 Yon O = foi () (=1, 2) (1.7
fan (8) = Jax® (8) — Ky@oun® (1) — Ko 1 —D)on® () 4 Youu® ()] + it (1.8)

where @uq? (z) and g (z) are holomorphic in the domain occupied by the plate. The deter-
mination of these functions from (1.7) is the main stage in the solution of the generalized
periodic problem.

The series method. Let us first note that according to the above the complete and
fundamental states of stress should be converted by means of the irreducible representation
Ty - Therefore, the perturbed state possesses the same property, and expressions of the
type (1.5) are valid for the components @4 (z) and Yo {z) , where the functions O® (z)
and ¥ (z) are holomorphic outside the main cavity and can be represented in the form
OO @)= N apele— PO @)= 3 bz — ) F o
] k=1
where d is the spacing between the center of the main contour and the Yy-axis, and aqy and
by 0 1,2 k=1,2,...) are constants.

The solution of the ordinary periodic flexure problem in series is elucidated in detail
in /3/. The scheme of this solution is conserved for the extenstion being considered and is
the following: Expressions of the type (1.5) for the functions @anf (z) and PayV (), together
with the expansions (1.9), are substituted into (1,7). Both sides of the latter are combined
on the main contour L into a Fourier series (in the powers of ¢ =1 — d = ¢, By equating
coefficients of identical powers of ¢, an infinite system of algebraic equations is formed
from which the desired gquantities apr and by (p=1,2;%k =12 ., .) are evaluated. For loads
symmetric to the z-axis these quantities are real, the constant is can = 0, and the system
itself has the form

2 ~ 5 ~
~ ) (1.10)
z, Z Amﬁ)apk = — Vq,-m + Z Z‘ Yup C?Lm-lef‘*'"?\i:“n’;’
p=1k=1

=1 p=1
v & \ 2 o
n % E ,
b‘l]m = T;n - (A—’: + 6ml) Z aupci;;n+1n‘18p+m)\.(r,1}:.) — MAym + ('1 bl aml) (m' - 2) ay, m-2 (1.11)
=1 p=1
Here  inp - Mp)1) Mex2) (MPX3) ) AWa A+ (N0)
Ani' = —leémk(‘)“p 4- Ko (Amk + Ay Ak ) A = (m + /‘) Chiyng € A
2 o
. K - .
AP = — e h [0 (o 2) O+ KTl AR =YLV (2 a,,l) Oy poy O ge+P RGO L)
N N U] Pe=)
) * Typ (T5) T (87) 1 d
ADD — (1) Iim 2 — lim Z%, o=y, Q=
N &Aoo 7 N ) {r—e) =
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Omx is the Kronecker delta, C,™ is the number of combinations of % elements taken m at a
time, Twm M =1,2;m =0, =1,...) are coefficients of the expansion of fan () in a Fourier
series, and the asterisk above the summation sign by r means the component corresponding to the
value = ( is missing. It can be shown that the solution of the system (1.10) by the trun-
cation method is correct. For & = 0.5 and « -=0, equations (1.10) decompose into two
independent sets, one of which agrees with the known system of equations for the ordinary
periodic problem /3/.

Let us note that the error of the method diminishes as the order of truncation of the
system (1.10) grows. The error in the verifying contour relationships M, — 0 (cavity) and
My == vM,(inclusion is an indirect but practically acceptable estimate. For the numerical
examples presented ).n this paper, the order of the truncated system was taken at 40 (k, m =1,
2,...,20). The errors in the verifying relationships in all the points considered did not exceed
3% of the external load intensity. As regards the corresponding verifying equalities M, = 0
for the unloaded and M, = M for the loaded rectilinear edges, their accuracy increases as
the number N grows in the calculation of the complex potentials by (1.5) and the parameters
7»5,-‘,'2’. This number was chosen so that the relative error in the relationships mentioned did
not exceed 0.5%.

2. Scheme for computing the state of stress of the strip. Let us examine the
main steps in this scheme for a strip with a regular transverse series of n circular cavities
or inclusions.

Transition to the computation of an infinite plate. The planes I, (r =0,
+ n, ...) separate the infinite plate into strips of width [* - nl. These strips are element-
ary cells in the sense of the group Cg*, which differs from the group C, Jjust by the funda-
mental translation vector 21*. We assume that the load Qu* on the plate § is converted by
one of the irreducible representations of the group C(,*. Then certain boundary conditions
/6/ are automatically reproduced in the planes II, and II, . Let us list the most important
of thes»: a) simple support on two edges of the strip is the load Qw®; b) simply dependent
edge (fixing the angles of rotation around these edges) is the load Qun* «c¢) simply supported
left and simply dependent right edge is the load (Q.*.

Let one of these conditions hold on the rectilinear edges of the strip. Then an infinite
plate § whose loadis converted by the appropriate irreducible representation of the group (,*
and agrees with the given load on the strip in the cell §°* located between the plates II,
and l,, can be studied instead. The state of stress-strain of the strip and the cell S§%#
of the plate § are identical (*).

Let us note that the facts elucidated here acquire an obvious mechanical meaning if the
symmetric properties of the functions Cp,* are clarified by using the relationships (1.3). Thus,
for instance, for a load Os* on the plate §, the loads on adjacent strips (cells) are
obtained from each other by reflection in the common boundary plane, and for the load Qn* by
the same reflection with a subsequent change in sign.

Expansion of the load /6/. Thus the load Qs * of the plate § which possesses the sym-
metry group C, is converted by the representation 7p* of its subgroup C,*. The following
expansion then holds

*
Qﬁﬂzag{ﬁ Qtzu (2.1)
where A; is the set of all numbers a of different absolute value that satisfy the relation-
ships

a=@+2m)/n (G=0%1+2...) lal<n (2.2)

Formulas (2.1) and (2.2) determine the structure of the decomposition of the problem into
generalized periodic problems. The load components in the expansion (2.1), and the functions
being converted with them by the irreducible representation Tav of the group C; are found
from the expressions

2
> 2 T (T7) Qi G —2r1), Vze=Q (n=1,2) (2.3)

which have the following simple form for one-dimensional representations of the group (Cg* (fp =
0, )

moL o * 2 o
Qante) === Y Tam (1) Qhu G —2rl), VzEQ (n=1,2) (2.4)
r=0

*) The appropriate theorem is formulated without proof in /6/. The proof is presented in the
paper mentioned in the previous footnote.
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Solution of the generalized problems and their superposition. In order
that the solution of the generalized problem corresponding to the load (o be present, all
the loads Qan = Quy® + Qun™ M = 1,2)  should be determined by means of (2.3) or (2.4), where

QOoqV and Qun® are loads distributed along the hole contours and along the surface of the
plate S, respectively. Finding the components gy permits evaluation of the functions
fen'? (1) by means of known relationships /2,3/, and the components (uon® the evaluation of the

functions Ggy@ (1) and Yan'® (t) from (1.8). It is quite important that it is here syfficient to
have the value of the load Qan™ only on the main contour and of the functions ™ (z) and
$® (z) only in the elementary cell 8. This significantly facilitates the practical utiliz-

ation of (2.3) and (2.4).

After having determined the coefficients apx and by, from (1.10) and (1.1ll) by using
(1.9), (1.5) and (1.4), the components of the state of stress of the generalized periodic
problem are found. Such a method of calculating the components mentioned turns out to be
logical only at points of the domain Q. For points in the other cells these calculations
should be performed on the basis of (1.3).

The desired state of stress of the strip is constructed as the sum of the states in the
generalized periodic problems generated by the expansion (2.1).

Exeunple. To illustrate the scheme elucidated, we examine more specifically the com-
putation of the state of stress of a strip weakenedby a transverse series of n» holes whose outlin-
es are loaded by uniformly distributed bending moments of intensity M. The left edge of the
strip is simply supported, while the right edge is simply dependent.

As has already been noted, it is expedient to investigate an infinite plate § with a
regular series of holes instead. Let us successively number all the holes to the right of
the plane I, by 0,1,2,..., and to the left of Ilj by —1,-2,.... The geometric parameters I
and d characterizing the mutual location of the holes, as well as the loads on the outlines
in the domain ©** agree at the strip and the plate §. The load on the plate should be
converted by the irreducible representation t,* of the group (*. In conformity with (1.1)
and (1.3), this means that

M(,:;*= {]ﬂ]f{r:f]\’n‘,v 4]‘Vn+ 1, .. 4Nn+2n — 1) ‘ (2.5)
—M(r=4Nn - 2n, 4Nn + 20+ 1, 4Nn + 4n — 1), (N =10, =1, +2,..)

Here ﬂl&? and Alg% denote the intensities of the moments on the outline of the r-th
hole corresponding to the loads ¢p,* and Qg

It follows from (2.2) and (2.1) that

R
*
Q"Z o Z Q(Zj——l) n, 2 (2.6)
j=1
Here R, =n/2 for even and &, -(n-+1)/2 for odd =»  Moreover, by virtue of (1.1), (2.4),
and (2.5)
n—7 n—1
) . & —Dar (2] — o
M(a’/_l)”/"y 17 M Z sin n 4 M}g/)'--l)ﬂ/", 2 = M (1 - cos n ) (2. 7
r=1 re=1

In conformity with the expansion (2.6), first the R, of the generalized periodic problems
are solved. For the /-th problem we must put in (1.7), (1.8) and (1.10)

Fi=3+9/0—v, K=-1, ofd@=vi&x=0, K -v/m, n@ =y om=1,2
w 1 © 5 1
21— 1) 9 1) qur
poe = Y sin EEDI (1Y eos 0
r=1 r=1
and Vg = 0 (m = 1), The components of the states of stress obtained in the generalized problems

are superposed by formulas identical to (2.6).

Values of Mg* == Mg/ M and M,* = M,/ M are presented at points of the outlines of dif-
ferent holes in Table 1 for = 2.4, d:=1.2, v =1, as a function of the polar angle ¢ and the
number % of holes in the strip. The number of the holes is indicated in the column denoted
by N. The necessary data are also presented for the ordinary periodic problem (= oo). It
is seen that a state of stress similar to the periodic is built up in the zone adjoining the
simply dependent edge. The state of stress near the free edge has a substantial difference.
The guantitative and qualitative questions occurring in this connection are investigated in
more detail in Sect.4.

3. Expansion of the main state of stress. When the load is distributed over
the edges or the surface of the strip, the direct utilization of (2.3) and (2.4) is difficult.
It is more convenient to decompose the state of stress of the plate S rather than the load,
i.e., to decompose the functions @®@*(z) and Vs, *(z) into components @g® (z) and Puy® ().

Let us first introduce the quantity R, which equals n/ 2 and (n — 1) /2 , respectively,
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Table 1

n|N 6=0 ape 3m/10 a2 TT10 9m/10 14
201 A A 8] —2s | =060 |, 1I3] —1.43 | —0.85 | —0.48
T A -2.33] —1.39 | —0.58 [--t.11] —1.57 | —0.87 | —0.49

4 M -2720 150 | —0.66 | —0.75] —0.75 | —1.69 | —2.41
2l s | 0.030 003 ] 000 |-v02| —0.00 | oo0i] o002
Tl Mg | 258 —1.75 | —0 03 [ —1.07] —1.60 | —0.57 | —0.49
121 M 36| —2.26 | —0.64 | —0.7¢| —0.84 | —1.72 [ —-2.59
A0 M| =355 250 | —0.74 [--0.67{ —0.76 | —2.45 |- 3.47
Tl Mg f—2.64] —1.81 | —0.53 | —1.07| —1.61 | —0.87 | —0.49
Ml o0.02  0.02 | —0.00 | —0.0L] 0.00 0.01 | 0.01
16 | 4 Myg* | —3.93) --2.78 | —0.75 | —~0.64| —0.51 | —2.62 | —~3.70
Mgk | —4.24] —3.00 | —-0.81 |--0.61| —0.82 | —3.00 | —4.22
1= | 003 002 —0.01 !—0.01] —0.0t 0.02 | 0.03
so|—| Mgr | —5.16| --3.60 | —0.92 | —0.54| —0.92 | --3.69 | —5.16

for even and odd n , and let us also note that in conformity with (1.3)

D=3 Tun(O0) Qh(—3), Qu()= 3t () Qaola+ 2n1) (-1
= p=
Moreover, it follows from (1.l) and (2.2) that
Toup (Bg) = Top (B0)y  Taup (Tn) = Topp (T-a) (3.2)

from which there results by virtue of elementary properties of the representations
S & * 3.3
Z Taml(Tr)T:lm(HO):TG'ID(@)I‘)V Zv Tonu AT +) Topo (Ton) = Tonp (T r-n) ( )
n=1 =1

Now, using the relationships (3.1)— (3.3) instead of (2.3), we obtain

Q R n—R.—1
Qun (2)= ,’:*]E,“l 2 {Tomu (To) Q;u (z) + Eme. (T, Q:u (z—2rl) 4 Z Top (Ta-r) Q;‘., (z—2nl 4+ 2rl)} = (3.4}
n=1 r=1 =
m 2 n. n—R.—1
’":" Z {ZI Tap (Or) 05*" (=Z2+2r]) + 2 Tano (T-r) Q5o (2 + 2"“} (n=1,2)
=1 r=1 el }

This formula is valid for any function written in the invariant reference system, includ-
ing those for the bending moments and torques. Let us note that the sign of the torques should
be reversed in the subdomains ©,Q° when writing in the invariant system. In this connection,
we obtain by using (1.4) and (3.4)

2 R, n-R.—1
o

Re @l (=) = 7 YUYt @) Re oy (— 22y - Y, tun (To)Rel; 2+ 2} (n=1.2) (3.5)

=1 rm==1 r—0

m

If wy is the neighborhood of the point 2, lying entirely in the domain of analyticity
of the complex functions, then the neighborhood ge, of the point gz, also belongs to this
domain. We assume that

or = l (an} (z — 7o)k, * (O z) S (30 (3 , k
Pan () = 2 aff(z —20)", @, (0:2) = 3 (3,2 —Oz) (3.6)

o

(p;‘p (T)z) = kz (T2 — T.2)%, Vze=o, (n=1,2)

=1
The constant in the Taylor series is omitted since it does not affect the state of stress of
the plate. After substituting the series (3.6) into the equality (3.5) and equating coeffic-

ients for identical powers of the difference z— z,, we find
< R n—R.—1
3 (1 7XBOY a
o =2 N Yt @) (1 + Y tam (T )y k=12,
pP=1 p=1 r==0

By using this relationship, the first of (3.6) is reduced to the desired formula.
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Using an analogous method and considering an appropriate representation for

(2 — 2) Qan’ (2) — Pun’ (2) + Yun (2)
instead of (3.5), we obtain the required expansion Yan(2). Both expansions have the form

2 n—R,—1 R,
m J—
xa,,(z)=m;§ IY ton (T, 2r) = Y e (O) 2, (— 2+ 2} (=1, ) (3.7
p=1 r=0 r=1

For one-dimensional representations of the group C* only the first term corresponding
to the value @ = W 1is conserved in the sum over 0.

Let us note that the complex functions @z* (z) and 14* (2) need not be found cn the
whole plate § to apply the expansion (3.7). It is sufficient to limit oneself to giving them
in the domain * occupied by the strip since the components gy (z) and Von(2) should be
determined only in the domain € for the solution of the generalized problem.

4, State of stress of a freely supported strip. The purpose of the investiga-
tion conducted below is to refine the estimate of the state of stress of a strip of finite
width for the problem of moment concentration around a regular transverse series of circular
holes or inclusions. Without limiting the generality, the radius of these latter is taken
equal to unity.

According to Sect.2, the state of stress of the band under consideration and of the in-
finite plate § in the domain Qe* is identical, if the plate load is obtained by the irred-
ucible representation T,* of the group C*, It follows from (2.2) and (2.1) that

Ry
*
Q= 2 Qiam, 2 (4.1)
J=0
The contour loads are considered zero, i.e., 3@ =0. In conformity with the recom-

mendations of Sect.3, we decompose the main state of stress into components being converted
by the irreducible representations of the group ¢* rather than the load. In connection
with (4.1), we have

Ro R,
ORI YR R TN O R DIR  1LTNINC) (4.2)
= o
where the functions ik, and 4%, ,(2) are determined by (3.7) in which the functions

¢ (2 and ¥ (z) describing the state of stress of a solid strip can be used in place of
90" () and 4702(0)*(3) -

J

=7 M g 4 s Z
2R 2 R
[ \\
777—1 P —
‘ —]
\ i e
Lobd " ¥ —
- i
i \ Fig.3
A
Fig.2
Pure cylindrical flexure. A strip with holes is bent by moments of intensity M
which are distributed along the rectilinear edges. The main state of stress of the strip is
described by the functions o¢O(z)=— Mz/4, ¢ (z) = —3Mz/4. As an illustration, we present the

nonzero components of the expansion (4.2) and their related functions defined to the accuracy
of a constant for the case »n =
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Analysis of the numerical results shows that from the strength viewpoint the bending
moments Mg are the greatest danger in the middle part of the strip at those points of the
contours that are on the & axis. The quantities My* = Mg/ M at the points mentioned are
presented in the upper half of Fig.2 for [:-23 and & == 0.5, To be more graphic, the con-
structed points of the graphs are provisionally connected by continuous segments to the holes
by necks and shading. It is seen that for sufficiently large n a state of stress close to
the periodic kind occurs at the middle part of the strip. In this zone the maximum moment
concentration occurs (the level of the moments of the main state of stress is shown by the
continuous lines).

Table 2
n N 6=0 | /10 | 3m/10 a2 ey on/'i0 T
2 1 1.16 [ 0.92 | 1.27 1.99 1.94 1.08 0.70
1 1.35 ] 1.05 | 1.23 1.98 1.48 1.09 0.70
4 2 1.49 | 1.14 | 1.18 1.62 1.22 1.06 1.37
1 1.45 1 1.10 | 1.19 1.04 1.97 1.08 0.70
8 2 1.70 1 1.27 ] 1.16 1.62 1.27 1.13 1.45
4 1.84 | 1.37 | 1.17 1.53 1.18 1.35 1.81
1 1.48 | 1.12 1 1.18 1.94 1.98 1.08 0.70
4 2.03 | 1.49 | 1.17 1.52 1.20 1.43 1.91
16 6 2.12 | 1.56 | 1.18 1.49 1.14 1.54 2.08
8 2.15 | 1.59 | 1.18 1.48 1.18 1.58 2.14
0 — | 2.60 1.9} 1.21 1.43 1.21 1.¢0 2.60

An additional representation of the nature of the moment distribution in a strip with
the mentioned geometric characteristics 1is given by Table 2 in which the quantities Mg/ M
at points of different contours are presented as a function of the polar angle @ and the
number 7.

Graphs of the dependence of the maximum moment concentration coefficient Am for the
strip at points of the z axis on the number of holes for ¢ ==0.5 and different values of !
are given in the upper half of Fig.3. For an infinite number of holes, i.e., for the ordin-
ary periodic problem, the coefficient K™ (the dashed lines) always turn out to be higher
than for the finite number. For n>8 and (>3 it can be considered that K"~ K. However,
such an equality is achieved for considerably larger values of n as the holes are approached.
In this connection, the differences between &" and K become perceptible for < 2.5 .

Cylindrical bending by forces. A strip with an even number of rigid inclusions is
bent by transverse forces of intensity ¢ distributed uniformly over the axis of the strip.
Let us introduce the notation M -=g¢nl/4. The provisional lines of the distribution of the
quantities M,/ M, along the =z -axis for ¢ =05 and {= 23, as well as graphs of the
moment concentration coefficient A" on the contour with number »/2 are presented in the
lower half of Figs.2 and 3.
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